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Abstract 

A F-convergence analysis is used to perform a 3D-2D dimension reduction of variational problems 
with linear growth. The adopted scaling gives rise to a nonlinear membrane model which, because 
of the presence of higher order external loadings inducing a bending moment, may depend on the 
average in the transverse direction of a Cosserat vector field, as well as on the deformation of the 
mid-plane. The assumption of linear growth on the energy leads to an asymptotic analysis in the 
spaces of measures and of functions with bounded variation. 

Resume 

Une analyse variationnelle par F-convergence est utilisee pour etudier un probleme de reduction 
de dimension 3D-2D pour des energies a croissance lineaire. La mise a I'echelle donne lieu a un 
modele effectif de membrane qui, en vertu de la presence de forces exterieures engendrant un moment 
flechissant, depend de la moyenne dans la direction transverse du vecteur de Cosserat ainsi que 
de la deformation de la surface moyenne. L'hypothese de croissance lineaire necessite une analyse 
asymptotique dans les espaces de mesures et de fonctions a variation bornee. 

Keywords: Dimension reduction, F-convergence, functions of bounded variation, tangent measures. 
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1 Introduction 

In solid mechanics, the equilibrium state of a body may be described by an energy minimization prob- 
lem. When we deal with very thin structures, i.e., structures whose thickness is much smaller than the 
other dimensions, it is convenient to consider a lower-dimensional model describing the behavior of the 
minimizing sequences when the thickness goes to zero in the thin direction. The knowledge of these 
asymptotic models may be useful, for example, in numerical implementation since it gives less cost of 
time of calculus. 

In the seminal paper [19], the authors derived a nonlinear membrane model from three dimensional 
nonlinear elasticity, for energies having a polynomial growth of order p > I. They computed the F- limit 
in the Sobolev space W^'P of the elastic energy without any convexity condition. A general integral 
representation result has been later established in [12] where applications to heterogeneous bodies in 
the transverse direction, homogenization and optimal design problems are given. The case of completely 
heterogeneous materials has been carried out in [6]. We also refer to [4, 5, 7, 11] for the study of fractured 
thin films in the space SBV^ of special functions with bounded variation. In [9] , a richer model has been 
proposed introducing higher order surface loadings. It leads to bending moment effects enhanced, in 
the asymptotic model, through the explicit dependence on the average in the transverse direction of a 
Cosserat vector field. A generalization to heterogeneous media has been given in [6] and an abstract 
integral representation result in W^'^ (and also SBV^) has been proved in [5]. 

In this paper, we seek to derive a two-dimensional nonlinear membrane model from three-dimensional 
nonlinear elasticity involving a bulk energy with linear growth (p = 1). As in [5, 6, 9] we allow the presence 

*Laboratoire Jean Kuntzmann, Universite Joseph Fourier, BP 53, 38041 Grenoble Cedex 9 (FRANCE). 
Email: babadjia@imag.fr 

tDIIMA, Universita degli Studi di Salerno, via Ponte Don Melillo, 84084 Fisciano (SA) (ITALY). 
Email: zappaleadiima.unisa.it 

tDepartement de Mathcmatiques, Campus Universitaire, Universite Tunis El Manar 2092 (TUNISIA). 
Email: hamdi . zorgatiSfst . rnu. tn 



of higher order surface loadings inducing a bending moment. Due to the hnear growth of the energy, the 
hmit model depends on a two-dimensional deformation which belongs to the space BV of functions with 
bounded variation, and on a Cosserat vector which is a Radon measure. Note that dimensional reduction 
problems for energies with linear growth have also been studied in [11] for cracked thin films. In this 
case, the 3D-energy which is the sum of a bulk and a surface term penalizing the presence of the cracks, 
is defined in the space SBV . 

Let us consider a; a bounded open subset of with Lipschitz boundary and set fi^ := a; x (— e/2, e/2). 
We assume that fig stands for the reference configuration of a homogeneous nonlinear elastic thin film 
whose stored energy density is given by the Borel function W : W.^'''^ [0, +oc). Our first mam 
assumption is that W satisfies some linear growth and coercivity conditions, i.e., there exist < /3' < 
/? < +00 such that 

< W{0 < + 1^1) for every ^ G R^^^. 
To fix ideas, suppose that the body is clamped on the lateral boundary := doj x (— e/2, e/2), and that 
the sections Eg := w x {±£/2} are subjected to e-dependent external loadings g{e) : R^. Assume 

further that the material is submitted to the action of a body load f{e) : ^ R^ so that the total 
energy of the system, which is given by the difference between the elastic energy and the work of external 
forces, is 

£{e){v):= I W{yv)dx~ ( f{e)-vdx- [ g{e)-vdH^, 



for any kinematically admissible deformation field : — >■ R^ satisfying v{x) = x on F^. 

Thanks to the growth condition satisfied by W, we have - at this stage - a good functional setting if we 
assume any kinematically admissible deformation fields to belong to the space V(e) :— {ip £ W^'^{ne; R'^) : 
Tip = a; on Fg}, where T(p denotes the trace of (p on the lateral boundary F^. The problem consists in 
finding equilibrium states of this body, in other words finding minimizers of the functional 8{e) over the 
space V(e). 

As explained before, a natural question which arises is the study of the asymptotic behavior of such 
energies as well as their (eventual) minimizers as the thickness parameter e tends to zero. This will be 
performed by means of a F-convergence analysis (see e.g. [10, 13] for a comprehensive treatment). It is 
now usual to rescale the problem on a fixed domain f2 := w x / of unit thickness, where / := (—1/2, 1/2). 
Similarly set S := w x {±1/2} and F ■.= dcoxI. Denoting by := {xi,X2) the in-plane variable, we define 
9eixa,xs) := g{s){xa,£X3), fe{xa,X2,) := f{e){xa, sxa) , u{xa,xs) := v{xa,sx3) and £e{u) = £{e){v)/e so 
that 

-Vau I da; — / fg-udx— g^-udU?. 
e / Jn' is 

Note that since we divided the total energy by e, we expect to get a term of order e in the limit model 

which corresponds, according to the formal asymptotic expansion performed in [17], to a membrane 

energy which only accoimts for stretching effects. 

Provided the rescaled external forces fe and g^ have an appropriate order of magnitude (which will be 
discussed later), it follows from the growth condition satisfied by W and some Poincare type inequality, 
that minimizing sequences {u^^ with finite total energy will be boimded in T4^^'^(i7; R''). Actually, the 
"scaled" gradient of Ug, i.e., {{S/ aUe\{^/£)'^zUe)}, will be uniformly bounded in L^(f2; R"^^^). However, 
because of the lack of reflexibility of W^^'^(f2; R^), such minimizing sequences will only be relatively 
compact in the larger space _By(f2;R^) of functions with boimded variation. Denoting by u any weak* 
limit in BV{^; R^) of the sequence {u^}, it turns out that the only interesting deformations (according to 
this scaling) will necessary satisfy = in the sense of distributions. Hence u (can be identified to a 
function which) belongs to BV{uj;'M?) and we expect a (F-)limit model depending on such deformations. 

Our second main assumption is that the (rescaled) surface load can be written as g^^ = Qq/ e + gi. It 
follows from [17, Remark 2.3.2] that, denoting hy gf (i = or 1) the trace of gi on uj x {±1/2}, the 
condition g^ + g^ =0 must hold. The physical interpretation of this property is that a plate of thickness 
e cannot support a non vanishing resultant surface load as £ — > 0. Assume also for simplicity that /e = /. 
If {ue} C W^'^{Q.;'M?) is a minimizing sequence as above, the work of external forces has the following 
form 



J^e{Ue) := I f-Uedx + I gi-Ued'h(?+ / 

JQ, Js Juj 



2 , /■ + (u,{;+l/2)-U,{;-l/2) 

9o 



dXn 



= f-Uedx+ gi-Uedn^+ i go ■ i- I "^3Ue{-,yi)dyz\dXo 
Jn Jy, Juj \^ Ji J 
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Let u e BV{u); M.^) be an accumulation point of {u^} and b G A4{lv; M.^) be a weak* limit in the space of 
Radon measures of the sequence 



which does always exist up to a subsequence. Taking the limit as £ ^ in the work of external forces, 
and denoting f{xa) ■= Jj f{xa,X3) dx^ yields 

J^e{ue) ^ :F{u,b) := / {7 + gt +gi) ■udXa+ / Qo-db, 

provided /, gi and ^re regular enough, e.^., 

The presence of this higher order surface load implies the apparition in the limit of the average in the 
transverse direction of the Cosserat measure b which stands for bending moment effects (see [5, 6, 9]). 
Hence we seek a richer F-limit depending on both u and b. Note that in general, u and b are completely 
independent macroscopic entities, and as a matter of fact, it may happen that the measures D^u and b 
are mutually singular (see Example 4.1). 

The following theorem is the main result of this work and it describes the behavior of the elastic 
energy as e: ^ 0. We refer to section 2 for the notations used in the statement. 

Theorem 1.1. Let u cMP be a bounded open set and W : M.^^^ [0, +oo) be a Borel function satisfying 
(Hi) there exist < /3' < /? < +oo such that 

< W{0 < /3(1 + 1^1) for all ^ G M^xs. 

{H2) there exist C > and r G (0, 1) such that 

\W°°{^) - W(0| < C(l + 1^1^-'') for all ^ G M^^^ 
where W°° is the recession function of W. 
Then, for every {u,b) G BV{Cl;R^) x A4{co;'M.^), the sequence of functional 

1 



Je{u,b) := < 



V3M I dx if 



6 = i Jj\/3u{-,X3)dX3, 



+00 otherwise, 
T-converges for the weak* topology of BV{Q,;'R^) x M{uj\'R^) to 



Q*W VaU 



db \ 

d£2 J 



dXn 



E{u,b) := < 



+ J {Q*Wr (^{u+-u 
+ J {Q*Wr lo 



) ^ Vu, 

db 



db 



d\D%u\ 



dra L Ju 
d\Dlu\ 



dU^ 



ifu& BV{u); 



(1.1) 



d\b" 



+00 



otherwise. 



where 



Q*W{^\b) := inf 



W{£, + VaV'IAVsf^) dx:X>0,ipG W^'\Q' x I; M"^) 



ip{-, X3) is Q' -periodic for C^-a.e. X3 G I,X / V3iy?(t/) dy = b> , 

jQ'xI J 



for all {^\b) G M^^^ x R^, {Q*W)°° is the recession function of Q*W and b" is the singular part ofb with 
respect to \Dau\ according to the Besicovitch Decomposition Theorem. 
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Remark 1.2. The fact that E is the r-hmit of the family {J^} for the weak* topology of BV{fl;R^) x 
M{u!;R^) means that for every {u,b) £ BV{lj;'R^) x M{uj;'R^) and every sequence {sj} \ 0+, then: 



(i) for any sequence {uj} C W^'^{fl; M.^) such that Uj ^ m in BV{fl; R^) and j- Jj V3Uj{-, X3) dxs b 



E{u,b) < liminf / W V^Uj 



— I dx; 



(ii) there exists a sequence {uj} C M^^'^(f2; M^) such that uj u in BV{fl; M^), j- Jj \/3Uj{-, X3) dxs 
b in M{uj;M.^), and 



E{u, b) = lim [ W ( Vo 



— VsUj ) dx. 



The strategy used to prove Theorem 1.1 is based on the blow-up method introduced in [14, 15] for 
the study of the relaxation of integral functionals with linear growth. It rests on a localization of the en- 
ergy around convenient Lebesgue points, and uses fine properties of measures and BV functions at these 
points. We adapt here this technique to deal with functionals depending on pairs BV function/measure. 

The following result is the analogue of Theorem 1.1 without bending moment. We shall not give a 
proof of it since it can be deduced from the one of Theorem 1.1 with much easier arguments. 

Theorem 1.3. Let a; C 6e a bounded open set and W :MP^^ ^ [0, +00) be a Borel function satisfying 
{Hi) and {H2). Then, for every u € BV{Q.;'M?), the sequence of functionals 

1 



Je{u) := < Jn \ 

+00 otherwise, 

T -converges for the weak* topology of BV{Q.; R?) to 

[ QWo{Vau)dXa+ [ {QWor{{u+ -u-)(»u^)dn^ 



E{u) :- 



+ 



dPlu 
d\Dlu\ 



ifuG BV{uj; 



d\D^^u\ 



-|-oo 



where Wo{^) := inf{W(^|6) : b G W) for all ^ S 
(QWo)°° is the recession function ofQWo- 



otherwise, 

ix2^ QWo is the 2D-quasiconvexification ofWo, and 



The paper is organized as follows: In section 2, we start by introducing some useful notations and 
basic notions. Then, in section 3 we prove some properties of the different energy densities involved in 
our analysis. In section 4, we state some properties of the F-limit and the last two sections are devoted 
to the proof of our F-convergence result (Theorem 1.1). The lower bound is established in section 5 and 
the upper bound is proved in the last one. 



2 Notations and Preliminaries 

Let 17 be a generic open subset of R^, we denote by M.{Vt) the space of all signed Radon measures in 
Q. with bounded total variation. By the Riesz Representation Theorem, can be identified to the 

dual of the separable space Co(f7) of continuous functions on Vt vanishing on the boundary dO,. The N- 
dimensional Lebesgue measure in is designated as while T-L^~^ denotes the (A^ — l)-dimensional 
Hausdorfi^ measure. If € M.{^) and A e M.{p.) is a nonnegative Radon measure, we denote by ^ the 
Radon-Nikodym derivative of ^, with respect to A. By a generalization of the Besicovich Differentiation 
Theorem (see [2, Proposition 2.2]), it can be proved that there exists a Borel set E d 0. such that 
\{E) = and 

^i:,) = lini ^(^ + ^^) 
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for all X G Supp fJ-\ E and any open convex set C containing the origin. 

We say that u G L^(f2;M'^) is a function of bounded variation, and we write u G M''), if all its 

first distributional derivatives DjUi belong to M{fl) for 1 < i < d and 1 < j < N. We refer to [3] for a 
detailed analysis of BV functions. The matrix- valued measure whose entries are DjUi is denoted by Du 
and I Dm I stands for its total variation. By the Lebesgue Decomposition Theorem we can split Du into 
the sum of two mutually singular measures D°'u and D^u where £>°w is the absolutely continuous part 
of Du with respect to the Lebesgue measure , while D'^u is the singular part of Du with respect to 
By Vm we denote the Radon-Nikodym derivative of D'^u with respect to the Lebesgue measure so 
that we can write 

Du = VuC^ + D'u. 

Let J„ be the jump set of u defined as the set of points x € Q, such that there exist u^{x) G M.'^ (with 
u^{x) ^ u~{x)) and ^^(x) £ §^^^ satisfying 

P^0+ p J{yeQ,,^f^,{x,p):±{y-x)-u,,{x)>a} 

where Q,y{x,p) denotes any cube of centered at a; G M^, with edge length p > 0, and such that two 
of its faces are orthogonal to u € S^~^. It is known that J„ is a countably W^~-'^-rectifiable Borel set. 

The measure Z?'^?i can in turn be decomposed into the sum of a jump part and a Cantor part defined by 
D^u := D'^uL- Ju and D'^u := D*mL(0 \ J„). We now recall the decomposition of Du: 

Du = VuC^ + (u+ - U-) ® VnU^'^ L J„ + D^u. 

By Alberti's Rank One Theorem (see [1]), the matrix defined by 

has rank one for \D'^u\-a..e. a; G fi. If f2 has Lipschitz boundary, we denote by Tu the trace of m G 
BV{Q.;m.'^) (or u G W^i'i(0;M'*)) on 89.. 

We now recall basic facts about tangent measures and tangent space to measures referring again to [3] 
for more details. Let Q := (-1/2, 1/2)^ be the unit cube of and let Q{x,p) ■.= x + pQ. li p € M{fl) 
is a non negative Radon measure in Cl and a; G O, we denote by Tan(/i, x) the set of all non negative 
finite Radon measures v G A4{Q) such that 



p{Q{x,Pj)) J^N V Pj J JQ 



f{y) dv{y), 



for any ip G Cc(R^) and for some sequence {pj} \ 0^. The set Tan(/i,.T) is not empty and for any 
t G (0, 1), there exists v G Tan{p,x) such that u{tQ) > for /x-a.e. x £VL (see [3, Corollary 2.43]). 

When p = H^~^\— S for some countably ■^^"^-rectifiable set S C M^, we say that S admits an 
approximate tangent space at a; G 5 if there exists a, {N — l)-dimensional linear subspace tt of M.^ such 
that 

_L_ f ^fy—^) dH'^-Hy)^ [ v{y)dH^-\y), 

P J S \ P J Jrr 

for any ip G Cc(R^). From [3, Theorem 2.83], we know that H^~^-a,.e. x € S admits an approximate 
tangent space. Moreover, the Federer-Vol'pert Theorem (see [3, Theorem 3.78]) asserts that if u G 
BV{Vy,W^-), then for H^~^-a.e. x G Ju, the hyperplane Vu{x)'^ coincides with the approximate tangent 

space of Ju &t X. 

In the sequel we will always deal with the cases = 2 or 3. Let w C be a bounded open set and 
I := (-1/2,1/2), we define Q. :=ujx I. We denote by Q' := (-1/2, 1/2)^ the unit cube in R? and if 

V € E?- , Q'^ is the unit cube centered at the origin with its faces either parallel or orthogonal to If 
a; G and p > 0, we set Q'{x,p) = x + pQ' and Ql{x,p) := x + pQl- The canonical basis of is 
denoted by (ei, 62). 

Given a matrix ^ G K^^^, ^ wih be written as (CICs); where J := (Ci|6) £ R^^^ and denotes the 
i-th column of ^. If a: G M'^, then aj^ := (a;i, 3:2) G is the vector of the first two components of x. The 
notation and V3 denote respectively (approximate) differentiation with respect to the variables Xa 
and X3. 
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3 Properties of the energy densities 

3.1 The bulk energy density 

As in [9], we define Q*W : M^^^ xR^ ^ [0, +oo) by 

Q*W{l\b) := infi/ + Va^lXVs^) dx : X > 0, & W^'\Q' x I;R^) 



Q'xl 



ip{-,X3) is Q'-periodic for C^-a.e. X3 G I,X I V^updy = b\ . (3.1) 

JQ'xI J 

Wc recall the main properties of Q*W proved in [9, Proposition 1.1]. 

Proposition 3.1. Let W : M.^^^ [0, +00) be a Borel Junction satisfying (Hi) and let Q*W be defined 
by (3.1). The following properties hold: 

• CW < Q,*W < QW , where CW and QW denote, respectively, the convex and quasiconvex envelopes 
ofW; 

• for all I e ]R3x2 and b e M^ 

/3'm + \b\) < Q*Wm < /3(1 + III + \b\y, (3.2) 

• there holds 

Q*{QW) = Q*W; (3.3) 

• let Wo : M.^'''^ [0, +00) be given by Wo{^) := inf {W^(||6) : 6 e M^} and QWq denotes its 2D- 
quasiconvex envelope. Then we have 

inf Q*Wm = QWoiO- 

We now highlight a convexity property of the energy density Q*W. 

Proposition 3.2. The function Q*W is convex in the directions [z (g) u, b), with z,b GiM? and G 

Proof Let 61, 62 e and ^2 G K^^^ be such that ^2 - ?i = -2 ® for some z and v Fix 
also ^ e [0, 1] and set 

I^Xa + [xa ■ v)z - (1 - 6)jz if j S Z and j <Xa-y <j + 0, 
l^Xa + {l+j)Oz if jeZand j + 6»<Xa-i/< j + 1 



u{xa) ■■ 
and 



A := {xa & : there exists j € Z such that j < Xa ■ v < j + 6}. 

Now define Un{xa) '■= u{nxa)/n and bn{xa) '■= XA{nXa) &2 + (1 — XA(nXa)) bi. Then, by the Ricmann- 
Lebesgue Lemma, u„ ^ (6*^2 + (1 - 6')Ci) Xa in W^^p{Q'; R^) and 6„ ^ 6» 62 + (1 - 0) bi in Lp{Q'; R^) for 
every p > 1. Using the fact that the functional 



{u,b) ^ I Q*W{VaU\b)dXa 
JQ' 



IQ' 

is sequentially weakly lower semicontinuous in W^''''{Q' ^R?) x Lp{Q';R?) (see e.g. [9, Remark 1.4]), we 
infer that 

Q*W^(^(?2lM + (l-^)(?il&i)) < liminf / Q*W(Vu„|6„)da;a 

= lim / [xA{nXc,)Q.*W(£,^+z®v\b2) 

+ {'^-XA{nXa.))Q*W(^^\bl)]dXa 

= ^Q*w^(?2lM + (i-^)Q*w^(?il&i), 

which is the desired result. □ 
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We also remark that wc could arrive at the same conclusion by observing that the function Q*W is 
^-quasiconvex (sec [16], page 1369, Example (iii)) with respect to the operator A := (curl, 0), where 

A: {F\b) ^ (curlF,0) 

with F : R2 ^ R3x2 ^^^^ 6 : ^ r3_ indeed, by virtue of [16, Proposition 3.4], the function Q*W turns 
out to be convex in the directions (z ®u,h), with 2;, 6 e and 1/ € S^. 

The following result asserts that in the definition (3.1) of Q*W, one can replace the cube Q' by any 
rotated cube Q'^. 

Proposition 3.3. Let W : R^^^ [0, +00) be a Borel function satisfying (Hi), and assume that there 
exists a constant L > such that 

mo - W{0\ < L\^ - for every ^, ^' G M^xs, (3 4) 

Then for every z/ e ^ e M^''^ and b e M.^, 



Q*W{^\b) = mil f Wi^ + Va'p\X'^3'p)dx:X>0,ip€W^'\Q',xI;R^), 

<f{-,X3) is Q'^-periodic for £}-a.e. X3 e /, A / V^ipdy = b\ . 

JQlxI J 

Proof Fix ^ e K^''^ and 6 e R^, and define for every u eS^, 

I{u) := inf J / W{l+Vay^\XV3'p)dx:X>0,ip€W^'\Q'^xI;M.^), 
^'V [Jqixi 

(p{-,X3) is Qj^-periodic for £^-a.e. 0:3 G /, A / Vsfdy = b>. 

JQlxI J 

We shall prove that for any 1/ and e S"*^, then < I{v')- Interchanging the roles of v and z/', wc will 
deduce that the inequality is actually an equality, and taking u' = ei that Q*W(^]6) = I{y) which is the 
conclusion of the proposition. 

Let A > and (/? S W^'^{Ql, x be such that .p{-,xs) is QJ,, -periodic for £^-a.c. X3 G / and 

A Jq, ^jV^fdy = b. Extend (/3 by Q'y -periodicity to the whole X 7 and set i^„(xa,X3) := (f{nXa,X3)/n. 

Consider also a cut-off function (^^ G C^iQ'u: [Oj 1]) satisfying 



a = 1 on Ql (0, 1 - ^) , 



(3.5) 



Define now 



b-Xn Ck{Za)'^3'Pn{Za,Z3)dz 
JQ'xI 



It turns out that tpn,k G W^'^{Ql x /;K'^), that tpn,k{',X3) is Q'^^-periodic for £^-a.e. X3 e 7 and that 
An Jq, ^jV3il>n,kdy = b. Hence the pair {Xn,ipn,k) is admissible for 7(z/) and thus 



I{u) < W{^ + Va I AnV3 Vn./c) dx. 

JQ'^xI 



Consequently, (3.5) yields to 



^pn\XnV3ifn + b- Xn / Ck{Za)'^3'Pn{Za, Z3) dz dx 

JQ'„[oa-t:)xi \ JQlxi J 



+ // , ,\ W(^-f- VaV'n,felAnV3V'n,fe)rfa; 

JiQlXQ'AOA-ijjxi 
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and using the growth condition {Hi) together with the Lipschtiz property (3.4) of W, we get that 
I{u) < / W{^ + 'VaVi'n'Xa,X3)\XV3ip{nXa,X3)) dx 



+/3 



(q'.\Q'.(o,i- 

-'I 

JQ'y-i 



XJ 



(l + 1^1 + \Va'P{nXoc-,X3)\ + X\V3ip(nXa,xz)\ + 2A:^|(yj„(x)|) dx 



Ck{Za)'^3V{nZa, Z3) dz 



Applying the Riemann-Lebesgue Lemma and the fact that iy?„ ^ in i^(Q^ x /;Ili^), it imphes, sending 
n +00, that 

i{ty) < [ w{^ + vMy)\^^3'p{y))dy 

Jq'^,xi 

2" 



+L 



/ ( 



l + l?l + |Va¥'(y)l + A|V3^(y)|)dy 



b - [ X I V3(p{z)dz / Ck{ya)dyo 
Q:.,xi J JQl 



As A Jq, V3ip{z) dz = b and Cfe — * 1 in L^iQl), we obtain letting k — > +00 that 

I{J^) < I W{£, + Va^(y)|AV3<p(y)) dy. 

JQ'^, xl 

Taking the infimum over all pairs (A, (p) as above implies that /(z^) < /(i^') which is the desired result. □ 

3.2 The surface energy density 

Let W°° (resp. {Q*W)°°) be the recession function of W (resp. Q*W) defined by 



W°°{0 :=limsup- 

t 



resp. (Q*W^)~(0 :=limsup 

t-»+cx> t J 



for every ^ e K^^^^ 

Let (z, b, v) gM.^ xM.^ X and consider r G §^ such that (r, !/) is an orthonormal basis of M?. Define 
the auxiliary surface energy 7 : x x ^ [0, +00) by 



j{z, V, b) := inf 



^'"^ I JQ'^xI 



W°°(Vc«</?|AV3</?)dx : A > 0, V5 e W^^^Ql x I;R^), (p 



f is 1-periodic in the direction r and A / W^ipdy = h 

Jq'„xi 



(3.6) 



where ip"^" stands for the trace of p on the face {{xa,X3) G Q'^ : ■ y = ±1/2}. This density will 
naturally appear in the proof of the lower bound of the jump part. However, arguing as in [3] page 313, 
one can observe that 7 actually coincides with {Q,*W)°°. 

Proposition 3.4. Let W : R^^^ — » [0, +00) be a Borel function satisfying {Hi), {H2) and (3.4)- Then 
for every z, b gM.^ and u gS^, we have 

-i{z,pj)) = {QnV)'^{z®v\b) = Q*{W°°){z®v\b). 

Proof. The proof is divided into two steps. Firstly we shall prove that 7(2;, u, b) = Q*{W°°){z ® v\b) and 
then that Q*{W'^){z (g) v\b) = {Q*W)'^{z O v\b). 
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step 1. Let A > and ip e W^''^{Ql x I;R^) be such that ipi'yXs) is Q^-periodic for £i-a.e. G I 
and A Jq, V31/; dy = b. Define 

ip{xa,X3) {xa ' v) z + xp{xa, X3) for every (x^xa) gQ^ x I. 

Clearly (p G W^'^{Ql x ip is 1-periodic in the direction r and tp"*"^ — f^^" = z. Moreover, we have 

that A Jq, Vsy dy = X Jq, Vstl> dy = b. Thus, by (3.6), (p is admissible for 7(2;, v, b) and consequently 

l{z,v,b)<l W°°{Va'p\XV3ip)dx= I + VaV'|AV3V')(^a;. 

Taking the infimum over all such (A, tp), and using Proposition 3.3 yields 7(2, v, b) < Q* {W^){z (g) iy\b). 

Conversely, consider A > and e W^'^{Q'^ x /;M^) such that (f is 1-periodic in the direction r, 
1^+'' — t^"'' = 2; and A Jq, V^ipdy = b. Define 

Tpixa^xa) := ~{xa ■ v)z + Lp{xa,X2, for every {xa,xz) G Ql x I. 

Then ip G W^'^{Q'^ x V' is 1-periodic in the direction r. Moreover noticing that tp'^'^ — = 0, 

it implies that tpi is actually QJ,-periodic. As A Jq, Vstjjdy = A Jq, V-updy = 6 it follows that V is 
admissible for Q*{W°°){z ® v\b) and consequently 

Q*{W°°){z®u\b) < [ W°°{z^y + Voc'^P\\Wiip)dx= f Ty°°(VaV>|AV3<^) rfa;. 

By the arbitrariness of {X,ip), it yields Q*{W°°){z vlb) < ^{z,u,b) and it completes the proof of the 
first step. 

Step 2. Now take any pair {\,ip) where A > and ip G W^'^{Q' x is such that (/?(•, 0:3) is 

Q'-periodic and A Jqi^^j Vs^pdy = b. Then 

Q*^y{t{^ z ^Ab)) ^ r w{i,:,,.^ + v,A/p)\xv,{tp)) 

t Jq'xI t 

and by the growth condition (Hi), we have for f > 1, 

Witz^. + t^MXtVs^p) < ^ ^ i^^^i ^ ,|^^^|) ^ ^r(Q, , 

Hence by the limsup version of Fatou's Lemma, it follows that 

m*un-oi ^ iM 1- Q*W{t{z^u\b)) ^ / W^ft^ + tV^(^|A^V3y) , 
[Q W) {z iSn^\b) — limsup ^^-^^ ■ — < limsup / — ■ dx 

t Jq'xI ^ 

^ /■ ,. Witz^i^ + tWaiplXtVstp) , f „ , , 

< / limsup — ^ -^dx= i W°°{z®v + Wa^\XWi^)dx. 

Finally taking the infimum over all (A, (p) as before, we obtain that {Q*W)°°{z^i'\b) < Q* {W°°){z^i'\b). 

To prove the converse inequality, for any t > 1, let At > and (pt G W^'^{Q' x 7;IR^) be such that 
(pt{-,X3) is Q'-periodic for £^-a.e. 2:3 e /, A* JjV^iptdy = b and 

/ W{tz®v + tVa<pt\tXtV3ipt)dx<Q*W{t{z®v\b)) + l. (3.7) 

By the growth and coercivity properties {Hi) and (3.2), it turns out that 

||(V„(^t|AtV3<^t)||Li(Q'x/;R3x3) < C, (3.8) 

for some constant C > independent of t. Hence using {H2) and the fact that W°° is positively 1- 
homogeneous, it follows that 

Q*{W°°){z®v\b) < [ W^{z^iy + Vc.Vt\XtV3Pt)dx 

Jq'xI 

^ f W{tZ ®V + tWaipt\tXtWz^t) 
Jq'xI t 



+^ f il + t'-'\z\'-^ + t'-'-\{Va'Pt\XtV3ipt)mdx. 

t jQ'xI 
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From Holder's Inequality together with (3.7) and (3.8), it yields 

Finally, taking the limsup as t ^ +00 leads to Q*{W°°){z (S) iy\b) < {Q*W)°°{z (g) r/|6) which concludes 
the proof of the second step and of the proposition. □ 

4 Properties of the F-limit 

We start by localizing the functional on Ao, the family of all bounded open subsets of M?. Let : 
W(M^M3) ^ M{R^;M.^) xAo^ [0,+oo] be defined by 



Je{u,b, A) 



/ W VaU -V3M ]dx if i T If'. ^ j 
~) J Axl \ S J [ b= -JjW3U{;Xs)dX3, (41) 

+00 otherwise. 

In the sequel, we will also use the family A{co) of all open subsets of u. For every sequence {ej} \ 0+ 
define the F-lower limit of J^^ given by 

Js^-x{u,b,A) := in| i lim inf J,, . (u. , 6. , A) : uj ^ u in BV{A x I;R^),bj ^b in M{A;R^) \ . 

{uj,bj} {j^+oc J 

In order to show that the family {Jg} F-converges to the functional E, it is enough to prove that for 
every sequence {ej} \ 0+, there exists a further subsequence {£j„} such that J[e.^y{u,b,oj) = E{u,b) 
for any (w,6) G Sy(w;R3) X 7W(w;R3). 

It is easily seen from the coercivity condition (Hi) that if J^g.j{u,b,u!) < +00, then necessarily 
D^u = so that u (may be identified to a function which) belongs to BV{u};R^). Thus it suffices to 
consider {u,b) € BV{lo;R^) x M{ui;R'^) in which case we have that 



Ji^.x(u,b,A) = inf jliminf / W ( V„Mi — V3M, ) dx : {uj} C W^''^(A x I;R^) 

{uj} Li-+°° Jaxi \ J 

Uj ^uinBV{AxI;R^), J^V3Uj{-,X3) dx^ ^b in M{A;R^)Y (4.2) 

Note that thanks to the coercivity condition (Hi), the weak* convergence in BV{A x I;R'^) in (4.2) is 
equivalent to the strong convergence in L^{A x /;]R''). 

It is expected, as in most variational problems in BV (see [15]), that the F-limit should be the sum 
of three terms relative to the decomposition of the gradient of a function u G BV{ui; R^) into bulk, 
jump and Cantor parts. In the present study, there will be a fourth one which comes from the presence of 
the bending moment b, and which is due to the fact that b may be singular with respect to DaU. There 
is no hope to avoid this so called singular term as the following example shows. 

Example 4.1. There exist {u,b) e BV{uj;R^) x M{uj;R^) and a sequence {ue} C W'^''^{n;R^) such that 
We ^ u in BV{Q; R^), - Jj V3Ue(-, X3) dx3 ^bin A4{uj; R^) where the measures DaU and b are mutually 
singular. 

For simplicity, we construct an example for scalar valued functions. Consider a nonnegative ra- 
dial function g G C^(M^) such that Supp(£i) C B(0, 1/2) and J^3Q{x)dx = 1, and set (p{xa,X3) := 
1-1/2 si^ct,s) ds. Assume that w contains the origin and define Ue G W^'^{Q) by 

Ue{Xa,X3) := u{Xa) + -<f (-) , 

e \e / 

where u €:W^'^{w). Then, by a change of variables, we have 

ll^e - '"||z,i(Q) < e, ||Vu£||ii(Q;R3) < ||Vu||i:,i(w;R3) + £||V(p||i,i(n;M3) 
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so that Us ^ u in W^'^{Q) (and thus also weakly* in BV{Q)). On the other hand, we have that 

and consequently, ^ Jjy3Ue{-, X3) dxs 5 in A4{u!), where 6 is the Dirac mass at G M^, which is 
singular with respect to DaU = Vau£^. 

RerriEtrk 4.2. In [9, Theorem 1.2], it has been shown that 

J^,.y{u,b,u;) = f Q*W{VaU\b)dXa=E{u,b), 

for u e W^'^{w,M?) and h e L^(a;;K^) with p > 1. An analogous argument ensures that the same 
representation result holds when u G W^'^{uj;M?) and h e Z/^(a;;M^). 

Remark 4.3. Arguing exactly as in [9, Lemma 2.3], one can show that J{ej) remains unchanged if wc 
replace W by its quasiconvexification QW in (4.1). Hence using (3.3), upon replacing W by QW , we 
may assume without loss of generality that W is quasiconvex. Then, by the growth condition [Hi ) and 
e.g. the proof of Theorem 2.1, Step 2 in [20], there exists a constant L > such that 

\W{0-W{O\<m-^% (4.3) 
for every ^ and ^' e M^^^. As a consequence, W°° is Lipschitz continuous as well and 

iM/-(e)-w/-(e')i <iie-^'|. (4.4) 

Let TZq be the countable subfamily of ^0 obtained by taking all finite unions of open squares in 
with faces parallel to the axes, centered at Xa S Q^, and with rational edge length. Since Ai{uj\ M?) and 
Bl/(ri;]R^) arc the duals of separable spaces (sec e.g. [3, Remark 3.12]), the adopted weak* topologies 
in (4.2), and their metrizability on bounded sets, ensure the applicability of Kuratowsky's Compactness 
Theorem (we refer to e.g. [13, Corollary 8.12] for the weak topology of a Banach space with separable 
dual; it can be chocked that a similar result holds for the weak* topology of a Banach space which is the 
dual of a separable one). Thus, through a diagonal argument, it guarantees the existence of a subsequence 
{£„} = {sj^ } of {ej} such that J^^^j (u, 6, A) is the F-limit of J^^ {u, b, A) for all A gTZq (and also A = uj) 
and all {u,b) in BV{A;M.^) x M{A;R^). 

Lemma 4.4. Let a; C be a bounded open set and let A CC u) be an open subset of u) with Lipschitz 
boundary. For every {u,b) € BV{u;'R.^) x M.{u!;M.^) satisfying \b\{dA) = 0, there exists a sequence 
{vn} C W^^'i(A X /;R3) such that 

' Vn^u m L^{A X /;R^), 

^ Jj'^3Vni-,X3)dx3 ^b inM{A;R^), 
< Tvn = Tu on dA x /, 

\D,,Vn\{A X /) ^ \D,,u\{A), 
_ 2.\D3Vn\{AxI)^\b\{A). 

Proof. By [8, Lemma 2.5], there exists a sequence {vn} C W^'^{A;'R.^) such that {;„ ^ tt in L^{A]M.'^), 
\DaVn\{A) \Dau\{A) and Tvn = Tu on dA. Consider a usual sequence of mollifiers denoted by {gk}- 
Then from [3, Theorem 2.2], we have that b* gk ^ 6 in .Mioc(w; R^) and thus 

b * gk ^b in M{A;E.^). (4.5) 

Moreover, since \b\{dA) = 0, it follows that \b * gk\{A) \b\{A). As b* gk e L^{A;R^) one can find 
h eC^{A;R^) such that 

Wh - (&* £'fc)|ki(A;R3) < ^- (4.6) 

Now define 
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The sequence {v'^} C W^'\A x I;M.^), v'^ u in L^{A x I;M.^) as n +00 and Tv'^ = Tu on dA x I. 
Moreover from the lower semicontinuity of the total variation, we infer that 



lim lim \Do,v'^\{A x I) = \Dau\{A) 

k—>+oo n— »+oo 



— / V3V^{;X3)dx3 = bk *— ^ b in M{A;R^), 



and from (4.5) and (4.6), 



uniformly with respect to n € N. Using the separability of Co{A;W) and a diagonalization argument 
(see 6.17. [12, Lemma 7.1]), one may find a sequence k{n) y +00 such that, setting w„ := then 
w„ ^ u in L'^{A X ^ V3W„(-, 0:3) dajg ^ 5 in M{A;R^), Tw„ = Tu on dA x I for all n G N, 

\D^Vn\{A x /) ^ \D^u\iA)lnd J-\D3Vn\{A x I) = |6fe(„)|(A) ^ \b\{A). □ 

Using Lemma 4.4 and an adaptation of the proof of [9, Lemma 2.2], we can prove the following result 
which will be instrumental in the proof of the lower bound. It states that, without loss of generality, 
recovery sequences can be taken in such a way to match the lateral boundary of their target. 

Lemma 4.5. Let lo C M.^ be a bounded open set and let A CC lo be an open subset with Lipschitz boundary. 
Consider (m,6) G BV{uj;R^) x M{uj;R^) such that \b\idA) = and assume that C W^^^{A x I-R^) 
is a sequence satisfying Un ^ u in L1(Ax/;R3), ^ JjV3Un{-,X3)dx3 ^b in M{A]R^) and 

— VaUn ) dx = i, 



lim / W ( VqU„ 



Axl 

1,1/ 



for some £ > 0. Then there exist a subsequence {n^} y +00 and a sequence {vk} C H^^'^(A x /; 
satisfying Tvk = Tu on dA x I , Vk ^ u in L^{A x /; R^), — Jj S/sVki-, X3) dxz ^b in M{A 

"-fc 

— — Vaw/c ) dx < £. 



lim sup / W ( VqW/c 

Remark 4.6. If « G W^-'^{co;R^) then by [9, Lemma 2.2] it is not necessary to assume neither dA to be 
Lipschitz nor that |5|(9^) = 0. In that case the conclusion is that Vfe = u on a neighborhood of dA x I. 

To prove the upper bound, wc will also need the following locality result. 

Lemma 4.7. Let co CR"^ be a bounded open set with Lipschitz boundary and let W : R^^^ [0, +cxd) be 
a Borel function satisfying (Hi). For every {u,b) G BV{uj;R^) x A4{u!;R^), the set function J[e^y{u,b, •) 
is the trace on A{co) of a Radon measure absolutely continuous with respect to C? + \Dau\ + 

Proof. Fix (u, 5) G BV{uj;R^) x A4{uj;R^). Since u) has a Lipschitz boundary, the extension of u by zero 
outside a; is a i?y(M^;M''). Hence upon extending u and b by zero outside w, we may assume without 
loss of generality that b G A1(M2; M^) ^^^^ ^ ^ ^^(R^; M^). 

Assume first that A E Ao, that dA is Lipschitz and satisfies |6|(9A) = 0. By Lemma 4.4, taking {vn} 
as test function for J^g^'^{u,b, A) and using the growth condition (Hi), we get that 

< J[,„yiu,b,A) < (}{jC\A) + \D^u\{A) + \b\{A)). 

Consider now an arbitrary open set A G A{w). By [13, Example 14.8], for any ?7 > 0, there exists an 
open set C with smooth boundary such that A CC C and 

jC\C \ A) + \D„u\{C \ A) + \b\{C \ A) < r?//3. (4.7) 

Note that C may not be contained in ui and this is the reason why we need to extend u and b outside co. 
By [18, Lemma 14.16], the function x 1-^ dist(a;,9C) is smooth on a suitable 5-neighborhood of dC for 
some S < dist(A, c?C). For every t G [0,S], define 

Ct:={xGC : dist(a;, dC) > t} and St := {x e C : dist(a;, dC) = t}. 
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As the family {St}t is made of pairwise disjoint sets, it is possible to find to G [0, S] such that \b\{Sto) = 0. 
Since Sto = dCtg, it follows that Cto is a smooth open set satisfying A cc Ctg C C. Since J^g^j{u,b, •) 
is an increasing set function, we obtain from the first case together with (4.7) that 

J{,„}(n,6,A) < J^,^yiu,b,Ct,)<p{C\Ct,) + \D^u\{Ct,) + mCt,)) 
< P{jC\A) + \D^u\{A) + \b\{A))+r] 

and the thesis comes from the arbitrariness of r]. Repeating word for word the proof of [9, Lemma 2.1], 

wc get that J|g^}(M, b, •) is the restriction to Aiio) of a Radon measure absolutely continuous with respect 
to £^ + \DaU\ + \b\. Note that there is no need to extract a further subsequence as stated in [9] since we 
already did it passing from {e^} to {e„} = {sj^}. □ 



5 Proof of the lower bound 

Lemma 5.1. For every e BV{uj;M.^) x M{uj;R^), then J[^^y{u,b,uj) > E{u,b). 

Proof. Fix (u, b, A) G BV{lj] M?) xM{uj] M?) x A{uj). Thanks to the Besicovitch Decomposition Theorem, 



one may find four mutually singular measures ft", b\ b'^ and b" such that b = b" + b'' + b" + b and 6" <C 
V < L J„ and T < \D%u\. 

Consider a sequence C W^'^ such that u„ u in BV{Q.;'M?), j- Ji^3Un{-,X3) dxs b 

in and 

J{s\{u,b,Lo)= lim / W [VaUn 



n— *+oo 



— VaWn 1 dx. 



For every Borel set B Cw, define 



UniB) := [ W (VaUn — Vs^n ) dx and 6„(-B) := — / VsWn 



dx. 



It turns out that {/in} and {|&n|} are sequences of nonnegative Radon measures uniformly bounded in 
M{lo). Hence we can extract subsequences, still denoted {nn} and {|6n|}! and find and A G A4{lv) 
so that fin /i and |5„| ^ A in M{uj). Similarly we can decompose the measure fj, as the sum of five 
mutually singular measures /i°, , yf^, fx" and such that /.i = fj,'^ + jj.^ + fj," + fj,'^ + fj,^ and jj,"' <^ jC^, 
/i^' < H^L J„, < li^'wl and /i<^ < 1^1. 

Since < J{e^} (m, b, w), in order to show the lower bound, it is enough to check that > E{u, b) 
or that 

d/i" / db \ 

^(xo) > Q*W iVau{xo) ^i^o)] for £'-a.e. xq G u;, (5.1) 

^^(.o) > (Q*W^)- ((.-(.0) -«-(.o))0.4^o),^^(. 

d6 



d\Dgu 



for W^-a.e. xq G J„, (5.2) 
(xo) ) for \D^u\-a.e. xq G w, (5.3) 



^(xo) > {Q*Wr ( :T^(a:o) ) for ^l-a.e. xo G c.. (5.4) 
d\b I \ d|6 I / 



Indeed, if the four previous properties hold, we obtain that 

= /i"(a;) +/i-''(a;) +/i'=(t<;) +/i'^(a;) < /u(a;) < J{£„}(u,6,a;), 
which is the announced claim. 



□ 
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The remaining of the section is devoted to prove the inequaUties (5.1)-(5.4) 

Proof of (5.1). Let Xq € u he such that the Radon-Nikodym derivative of /i and 6 at xq with respect 
to exist and are finite, which is also a Lebesgue point for u, VaU and a point of approximate 
differentiability of u, and 



, d\b-tr\ 



(5.5) 



Note that since |6 — S"^! and |/i — are singular with respect to the Lebesgue measure, then £p almost 
every points xq G lo satisfy these properties. Let {pk} be a sequence converging to zero and such that 
X{dQ'{xo, Pk)) = ^J'{^Q'{xo,pk)) = for every fc G N. Hence it follows from (5.5) that 

c?/'" I . dp. IJ'{Q'{xo,Pk)) 

—,{x,) = _(xo)=^hm^. 



Pi 



lim 


lim 


fc— >+cx) n 


— ^+oo 


lim 


lim 


fe— >+cx> n 


— *+oo 


lim 


lim 


fe— >+oo n 


— ^+oo 



VzUn ) dx 



Q'xl 



W VaU„k 



— V3W„,fc ) dy, 



(5.6) 



where we set Un,k{ya,y3) ■= [un{xo + Pkyocys) - u{xo)]/pk- 

Since xq is a point of approximate differentiability of u and u„ ^ u in L^{fl; R^), defining Uo(yaj 2/3) := 
^au{xo)ya, it results that 

lim lim ||u„,fe - uo||li(Q'x/;R3) = 0. (5.7) 

fe— >+cx>ra^+oo ^ 

On the other hand, using (5.5), the fact that (l/e„) Jj V3'U„(-, 2:3) ^0:3 6 in M.{u); K^) and that xo is a 
Lebesgue point of for every tp € Co(Q'; K^) we get that 

lim lim [ [—( V 3Un,ki:ya,yz) dyA ■ ip{ya) dy^ = -j^{xo) ■ ( ip{ya)dya. (5.8) 

Moreover, since \{dQ'{xo, Pk)) = for each fc G N, [3, Proposition 1.62] ensures that bn{Q'{xo, pk)) — *■ 
b{Q'{xo, Pk)) as n ^ +00 and thus 



lim lim — / '^3Un,k dy = -^{xq). 



(5.9) 



Gathering (5.6), (5.7), (5.8) and (5.9) and using the fact that M{Q'; B?) is the dual of the separable space 
Co(Q'; M^), by means of a standard diagonalization process, one may construct a sequence Uk '■= w„^,fe — uq 

and dk := Snjpk such that Mfc ^ in L^{Q' x /;M^), (5fe -> 0, (1/4) Jj'^3Uk{-,y3) dys ^ ■^{xq)C^ in 
M(Q';M3-)^ 

rf6 



and 



— J Xo) = lim 

c(£^ fe^+00 



'^fe J Q'xl 



(a;o)- 



Q'xl 



W Vc,u{xq) + 



VaUk dy. 



(5.10) 
(5.11) 



Using Remark 4.6, one may assume without loss of generality that Ufe = on a neighborhood of dQ' x I. 
We now define 



1 



fk{Xa,X3) ■■= Uk{Xa,X3) + ^^(^^o) ~ j ^ ^ i^kiy) dy ) . 

Then, ipk € W^'^{Q' x /;]R^), ^pk{■,xz) is Q'-periodic for £^-a.e. X3 € I and 



'^fe J Q'xl 



^ 1 db 
ys'Pkdy = -^(xo). 
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Hence (fk is an admissible test function for Q^W {v au{xQ)\-^{xo)^ , and using (5.11) together with the 
Lipschitz property (4.3), we get that 



die? 



{xq) > limsup / W iVaU{xo) + VaiPk 

fc^+oo Jq'xI \ 

db , , If ^ - , 



-Lhm sup 

fc— ^+00 



Relation (5.10) enables us to conclude that the last term in the previous inequality is actually zero and 
thus 



dC?^ 



{xo)>Q*W[V^u{xo)\^{xo)]. 



Proof of (5.2). Let xq € J„, then there exists u {xq), u'^{xo) e (with u {xq) 7^ u+(a;o)) and 
y = i>u{xo) € §^ such that 



P^0+ P J {y„eQ'Axo,p):±(ya.-Xo)-y>0} 



Assume that the Radon-Nikodym derivative of fj, and h at xq with respect to Ti} L J„ exist and are finite, 
that xq is Lebesgue point for ^^f^ j with respect to L J„, that 



d\ii - 



(xo) 



d\b - V 



(xo) = 0, 



and 



(5.12) 
(5.13) 



1-^ HHAnQUxo,p)) ^ ^_ 

Assume further that ttj, := z^-*- is the approximate tangent space of J„ at xq, i.e., 

limi / (j) ( dUUxa) = [ (t>(xa) dHUxc,) for all (/) e Cc(M2). (5.14) 

P^^PJju \ P J A. 

Note that Ti.^ almost every points xq in J„ satisfy the preceding requirements. Indeed (5.13) is a con- 
sequence of the countably T^-'^-rectifiability of J„ (see e.g. [3, Theorem 2.63]), property (5.12) is due to 

the fact that the measures |/x — and |6 — 6"'| are singular with respect to Ti}]— J„ while (5.14) is a 
consequence of the Federer-Vol'pert Theorem (see [3, Theorem 3.78]). 

Let {pk\ \ 0+ be such that X{dQ'i,{xo, pk)) = iJ,{dQl{xo, pk)) = for each fc e N. Then by virtue of 
(5.12) and (5.13), we infer that 



dHiLj/ °^ dHiLj/ °^ /cJ+ooWi(QU^o,Pfe)n J„) 



l^{Q'Axo,Pk)) 



Pk 



= lim lim — / wisj, 
= lim lim pk W (v. 



— V3U„ ) dx 



Un{xo + Pky^ys) ^3Un{Xo + PkyajVs) ) dy 



fc— >+oo ra— ►+00 

where Vn,k{y) ■= Un{xo + pkya,yz)- Set 

vo{y) ■■= 



lim lim Pk I W (— [ VaVn,k 

Qlxl \Pk 



^V3W„,fc ) ) dy, 



(5.15) 



u^ixo) ifya-y>0 



u (xo) if ya • < 0. 
As xo G Ju and u„ — > u in L^{^; K'^), it follows that 

lim lim ]|t;„,fe - vo\\mQ'xi;m = 0. 

fe— >+oo n— »+oo 



(5.16) 
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Since (!/£«) Jj V3U„(-, X3) dx^ 6 in A4{u); M.^), we deduce that for every (p £ Co{Ql; R^), 



lim 

n— *+oo 



Pk_ 

Q'^ J I 



V3Wn,fe(ya, ys) dys ■ ip{ya) dy^ = 



1 



^fc JQ'u{xo,Pk) 



Pk 



db{xa)- 



Using the fact that a;o is a Lebesgue point of I together with (5.12), (5.13) and (5.14) we infer 
that 



hm hm 

fe— >+oo rs— >+oo 



Pk_ 



'^3Vn,k{ya, ys) dys " ^{ya) dya = 



db 



(xo)- / fdHK (5.17) 



dW L J„ 

Moreover, as for the bulk part, using the fact that X{dQ'^,{xo, pk)) = for every A; G N, we have that 



lim lim — 



db 



, ^iVn,kdy = 

fc^+oo Sn Jqi xI " " I— "Ju 



{xo). 



(5.18) 



Using again the separability of Co{Ql; R^) together with a diagonalization argument, from (5.15), (5.16), 

(5.17) and (5.18), wc obtain the existence of sequences Vk Vn^^k £ W^'^{Q'i^ x /;R'^) and 5k '■= 
Snk/pk with the properties that 6k ^ 0, Vk ^ vo in L^{Q'^ x /;M^), (l/Sk) Jj'V3Vk{-,X3)dx3 ^ 



dH 



and 



^^{xo)n'^7r, in M{QU 



1 

Sk 



^ - , db 
^3Vk dy —3- — - 



(5.19) 



J-^^SVk ] ) rfj/. 



By the coercivity condition (Hi) and the previous relation, it follows that the sequence of scaled gradients 

{(y aVk\{i- / Sk)^ 3Vk)} is uniformly boimdcd in L^{Q'„ x /;]R^^^). Thus, using {H'2) and the fact that the 
recession function W°° is positively l-homogcncous, we obtain that 



Pk 



< C 



W{ — [ VgVk 
Pk 



^V3i;fe ]]-W^\ — \ VgVk 

Ok 



I 



VaVk 



Sk 



VaWfc 



1 

Pk 

l-r 



T-VaWfe 

Ok 



dy 



dy 



Pk + Pk 

< Cpk + Cpl\\{WgVk\{ll5k)^3Vk)fL.lQ.^^i.^,.^) ^ 
where we applied Holder's Inequality. As a consequence 



— ^y— -(xo) = lim 
drL^ L Ju 



Q'„y-i 



^VaWfc ) dy. 



Since 'H^{'k^ n dQ'^^) = 0, we can apply Lemma 4.5 (with W°° instead of W) so that, up to an 
extraction, there is no loss of generality to assume that Tvk = Tvq. Define 



Vk{Xa,X3) ■■= Vk{Xa,X3) + ^feXg 



db , , 1 

[Xo) 



dn^ L Ju 



k JQlxI 



^3Vk{y)dy 



and denote by (p^'^ the trace of ipk on the faces {(x^jXa) G Q'^, x I : Xa ■ v = ±1/2}. Then pk G 
W^'^iQ'v ^ -?;R'^) is 1-periodic in the direction t (where t G §^ is such that (r, v) is an orthonormal basis 
of R'^), ip+'' - ipl" = u+{xo) - u-{xo) and 



db 



Ok Jq' xi an \- 



■{xo). 
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In particular, is an admissible test function for 7( w,+ (xo) — u {xq),Vu{xq), — j^p (2^0)) and using 



the Lipschitz condition (4.4) satisfied by W°° , we infer that 



,^1, J {xo) > limsup / W°°[Vc.ipk 
an i_ Ju fc^+cx) JQ' xi 



-Vsipk ] dy 



—L lim sup 

k — *+oo 



From (5.19), it follows that the last term of the previous relation is actually zero. Hence 

d^^ , / N -/ N /X db , C\ 

^^^Tl:^(xo) > 7 [u {xo) - u-{xo), i^uixo), -^^^T^^i^o) j , 

and consequently by virtue of (4.3) and Proposition 3.4 it results that 

Proof of (5.3). Fix a point S w such that the matrix 

A(xo) := (a:o) has rank one and |^(a;o)| = 1, 

d\DaU\ 

the Radon-Nikodym derivative of fi and b with respect to \D^u\ exist and are finite, 

%^(xo) = §-^(.o) = 0, 
d\D^aU\ d\D^„u\ 

d\Dau\ 



= 1 



and 



(5.20) 

(5.21) 
(5.22) 

(5.23) 
(5.24) 



\Dc,u\{Q'{xo,p)) ^ ^ ^.^ \D^u\{Q'{xo,p)) ^ 

p^0+ p ' p^0+ p^ 

Assume also that for every t £ (0, 1), 

jjj^jj^j \Dau\{Q'{xQ,p) \ Q'{xQ,tp)) ^ _ ^2 

p^0+ \DaU\{Q'{xQ,p)) ~ 

Note that |-DJjU| almost every points xq in lo satisfy these properties. Indeed, (5.20) is a consequence of 
Alberti's Rank One Theorem (see [1]); properties (5.21) come from the fact that \p, — p,"] and |b — b | are 
singular with respect to property (5.22) is due to the Besicovitch Differentiation Theorem; both 

relations in (5.23) are obtained from [3, Proposition 3.92] and finally, property (5.24) is proved in [15, 
Lemma 2.13]. 

Since A{xo) has rank one, there exists a € and u e.S^ such that A{xo) := a®u. We may assume 
without loss of generality that v = €2- 

Fix t G (0, 1) arbitrarily close to 1 and thanks to (5.24), choose a sequence {pk} \ 0+ such that 



lim sup 



\DaU\{Q'{xo,Pk) \ Q'{xo,tpk)) < _ ^2 



k^+00 \DaU\{Q'{xo,Pk)) 



(5.25) 



Moreover, up to a subsequence (still denoted {pk}), it is possible to find G Ta.n{\D^u\,xo) (depending 
on t), i.e., 



lim 



k^+co \D^u\{Q'{xo,Pk)) Jm^ V Pk 



d\Dlu\{x„)= ^{xa)diy^{xc,), (5.26) 
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for all ^ G Cc(M2). Fix 7 e (t, 1), then by (5.21) and (5.22) 



(^0 ) = ,| (a;o ) = lim rr = lim 



\D^u\{Q'{xo,pk)) |D„M|(Q'(a;o,Pfe)) 



> lim sup lim sup — — rr- 



I 



Vaun dx. (5.27) 



Define 



•^fc(^a) • — 



Pk 



DaU\{Q'{X(y,Pk)) 

Pk 



\DaU\{Q'{xo,Pk)) 

Changing variable in (5.27) and setting 



(xo + pkXa) - I u{xo + pkyoc) dy. 

JQ' 

Un{xo+ PkXa,X3) - / Un{xo + PkVa, Vs) dy 
JQ'xI 



tk := 



\DaU\{Q'{xo,Pk)) 

Pi 



we get that 



dp'' 1 
— — — (xo) > limsuplimsup — 



i{jQ')xi 

Using the fact that u„ — > u in L^{Cl; M.^) we obtain 



WltkiV 



Pk 



VsWn^fe dx. 



(5.28) 



(5.29) 



lim lim ||w„,fc - 2:fc||z,i(Q'x/;K3) = 0. 

As Jq, Zfe dxa = and |_DctZ/i;|((5') = 1, it follows that the sequence {zfe} is relatively compact mL^{Q'; 
and by [3, Theorem 3.95], any limit function w is rcprcscntable by 

w{xa) = a9{X2) 

for some increasing function 9 G BV{—l/2, 1/2) (recall that we assumed u = 62). Hence, using (5.29) it 
follows that 

(5.30) 



lim lim \\wn,k - w\\l^q' xi-S-^) = 0- 

k^+00 n— »+oo ' ' ■ ' 



Now take ip S Co(Q';R^), then changing variables using the fact that (l/£n) // V3U„(-, ya) dys 6 in 
M{oj;R^) together with (5.21), (5.22) and (5.26), it follows that 

lim lim / ip{xa) ■ (— [ "^aWnMxocXs) dxs] dXa = 1 (^0) • / ipixa) du''{xa)- (5.31) 

k^+con^+oc Jq, \enJl J a\U^u\ J q, 



Gathering (5.28), (5.30) and (5.31), the separability of Co{Q'; M^) together with a standard diagonalization 
argument, it leads to the existence of a subsequence nk /' +00 such that, setting Wk ■= Wnk,k and 
5k ■■= £nk/Pk, then 5k \ 0+, Wk ^ w m. L^{Q' x /;K^), Jj'^3Wk{-,X3) dx3 ^ dlogu ] (xo)'^'' in 
M{Q';R^) and 



dp" 



xo) > lim sup ^ W (tk(Vc 

k-y+00 tk J(7Q')x7 V V 



d\D%u\ k^+00 t-k J{'^Q')> 

We may also assume without loss of generality that 

^ j V3Wk{-,X3)dXs 

for some non negative Radon measure A'^ G M{Q'). 



Wk 



VsWfe dx. 



(5.32) 



-^A'^ inA^(O') 
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Thanks to the coercivity condition {Hi), the sequence of scaled gradients {{VaWk\{^/Sk)'^3Wk)} is 
uniformly bounded in L^{{'^Q') x /;K^^^). Thus using hypothesis (^2) and Holder's Inequahty, we get 
that 



1 

tk 



(jQ')xI 



w 








c 


c 


< 








tk 


+ r 
'-fe 




c 


c 


< 








tk 


+ r 



1 



W {tk{ VaWk 



y?.Wk 



dx 



5k 



^3Wk 



dx 



where we used the fact that, thanks to (5.23), tk +00. But as W°° is positively l-homogeneous, we 
get from (5.32) 



dn" 
d\D^\ 



xo) > limsup / W°° [VaWk 



VsWk dx. 



Extend 6 continuously to M by the value of its trace at ±1/2. Let Qk be a usual sequence of (one 
dimensional) moUifiers and set 

Wk{Xa,X3) ■= a{0 * Qk){x2) + ^fc^3 i (^o)' 

d\D^u\ 

Then Wk e W'^''^{Q' x 7; R^), Wk ^ w in V-{Q' x 7; M?) and ^ Jj VsWk dx^ = 5|^l:;7| (a;o) for each fc e N. 
Thus Zk-Wk^Om. V-{Q' x 7; M?) and 

D^Zk{{sQ') x 7) - Do,Wk{{sQ') x 7) ^ (5.33) 

except at most for countably many s € (0,1). Fix s € (i,7) so that (5.33) holds and X'^{d{sQ'j) = 0. 
Using a standard cut-off function argument, we may assume without loss of generality that Wk = Wk on 
a neighborhood of d{sQ') x 7 and 



-^(xo) > limsup / ( V^wk 

"l-^a^l k^+oc, J(sQ')xI 



■^-VzWk ) dx. 
Ok 



We now compute 



where 



DaZk{sQ ) = -Tf. — TTT^TT TT and DaWkiisQ ) X I) = sAk 

\DaU\{Q'{xo,Pk)) 



(5.34) 



(5.35) 



Afc := a e2[{e * ^?fc)(s/2) - (6* * Qk){-s/2)]. 
Note that by (5.20), (5.25), (5.33) and (5.35), we have that 



limsup I s^lfe — A{xo)\ 

fe— >-t-oo 



limsup \DaWk{(sQ') x 7) - A{xq)\ 
k—^+00 

limsup \DaZk{{sQ') x 7) - A{xo)\ 

fe— >-t-oo 



= lim sup 

fe— >-t-oo 

< lim sup 

k — ^+00 



DaU{Q'{xQ,Spk)) 



A{x„: 



\DaU\{Q'{xQ,pk)) 

Dau\{Q'{xo,Pk) \ Q'{xo, spk)) 



+ lim sup 

A:— >-t-oo 

We now define our last sequence 

^k{Xa,Xz) := Wk{sXa,X3) - sAkX^ + 5kX3 



\DaU\{Q'{xo,Pk)) 

Dau{Q'{xo,Pk)) 



\DaU\{Q'{xo,pk)) 



dh , . 1 



A{xo) 



<i-r. 



(5.36) 



Q'xl 



^zwk{sya,ys)dy 
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As Wk = Wk on d{sQ') x / and depends only on {x2,x^), it is clear from the definition of Af^ that 
ipk is 1-periodic in the direction e\. A simple computation shows that for a.e. x\ and e /, then 
'■Pk{xi,—'\-/2,x^) = (fik{xi,l/2,X3) so that ipk is also 1-periodic in the 62 direction. Moreover we have 
that 

Ok Jq'xi d\D^u\ 

Hence using (5.34), the Lipschitz condition (4.4) satisfied by W°° and a change of variable, we obtain 

that 



(xo) > limsups / W°° (A{xo)+Vaipk 

k^+oc JQ'xI \ 



—V-^Lpk ) dx 



—Ls limsup 

fc— *+oo 



db 



^inc i(^o)-Y^ / '^sWk{v)dy 
d\D%u\ 5kS^ J(sQ')xi 



But since A^(9(sQ')) = 0, it follows that 



and from (5.36) that 



y^Wk dx 



k J{sQ')xI 



db 



— Z/5 limsup \sA]^ — A{xq)\. 



AxoXisQ') 



d\D'i 



{xo) > sQ*{W^) A(xo) 



db 



L 



db 



d\D^u 



d\D%u 

From (5.25) we infer that y''{sQ') > v%tQ') > and thus 

Passing to the limit first as s — > 1~ and then as t — > 1~, we deduce from (5.37) that 

^M>Q*{W^)iA{xo) 



-u''{sQ')\-Ls{l-t'). (5.37) 



d\Dlu\ 



{xq) 



d\Dlu\ 

and (5.3) follows from Proposition 3.4. 

Proof of (5.4). Let xq G uj he such that the Radon- Nikodym derivative of ^l and b at xq with respect 
to |6 I exist and are finite, such that 



d\V 



d\b — b \ 
[xq) = — -^=a—{xo) = 0, 
d\b I 



and such that 



dC" d\DM, . n 



(5.38) 



(5.39) 



Note that since is singular with respect to \Dau\, \^ — and \b — T>'\, it turns out that \b''\ 
almost every points X{) in lo satisfy these properties. 

Let {pk} \ 0+ be such that X{dQ'{xo, pk)) = ii(dQ'{xQ, pk)) = for each fc e N and extract eventually 
a subsequence (still denoted {pk}) such that there exists v"^ e Tan(|6 |,a;o), i.e., 



lim — ^ , 

\b \{Q'(xo,Pk)) 



Pk 



d\b''\{xa)= [ <fi{xa)du''{xa) for all <yj € Cc(M2). (5.40) 



Then by (5.38) and a change of variables 



dp" , . dp p{Q'{xQ,pk)) 

#n °^ |6l(g'(xo,Pfc)) 



= lim lim ^[ W (VaUn{xo + PkVa^ya) —"^aUnixo + Pkya^ya)) dy,{5.41) 

k^+oon^+00 tk jQ'xI \ Sn J 
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where 



Define 



1pn,k{Xa,X3,) :-- 



Pk 



\b \{Q'{x^,pk)) L 
Pk 



\h \{Q'{xo,Pk)) 
Replacing in (5.41), we get that 
dpF 



j ■ 



Unixo + PkXa,X3) - j UnixQ + PkVa, Us) dy 

Q 

u{xo + pkXa)- u{xo + pkVa) dy. 
JQ' 



d\t 



{xo) = lim lim ^ [ W (tk (Vaipn,k 



— V3'(/'„,fe ) ) dx. 



Using the fact that w„ ^ u in L^(f2;R'^) we obtain that V'n.fc — V'fc in L^{Q' x I] 
Moreover, as Jq, ipk dxa = and by (5.39), 

in \fn'\ \Dau\{Q'{xo,pk)) 
\DaA\{Q ) = — ^ 0, 

\b \{Q'{xa,Pk)) 

the Poincare-Wirtinger Inequality implies that ■(/'fe ^ in L^((5';M'^), hence 

lim lim \\ipn,k\\L^Q'xi-m = 0- 

fe— >+oon^+oo ^ 



(5.42) 
as n — > +00. 



(5.43) 



Consider ip G Co{Q'; R^), then changing variables and using the fact that (l/cn) // ^3Un{-, ys) dyz ^ 6 in 
M{uj;^^) together with (5.38) and (5.40), it follows that 

lim lim / ip{xa) ■ ( — f '^3ipn,kixa,X3) dxs] dXa = -^-{xq) ■ [ ipdv'^. (5.44) 

fe^+oo n^+oo \£nJl J d\b J Q' 



Moreover since X{dQ'{xo, p^)) = for every A; e N, we deduce that 



lim lim — 



db 



_u =. / '^3i'n,kdy=-=s^[xo). 

k^+con^+oo en Jq'xI d\b \ 



(5.45) 



Gathering (5.42), (5.43), (5.44) and (5.45), and using the separability of Co{Q';M.^) together with a 
standard diagonalization argument leads to the existence of a subsequence {n^} y +oo such that, 
setting ^k ■■= i'nk,k and 6k := SnJPk, then 6k \ 0+, (f)k ^ in L^{Q' x I;R^), jjV3<i)k{-,X3) dx^ ^ 

^[ V3(t>kdy^ ^{xo) (5.46) 

"k jQ'xI 



and 



-^Xxq) = lim 



-[ 

tk Jq'xI 



d\b 

W ( tk (^a<Pk 



Ok 



dx. 



(5.47) 



By virtue of the coercivity condition {Hi), the sequence of scaled gradients {{V a(f>k\{^/ 6k)'^3(f>k)} is 
uniformly bounded in L^{Q' x /;]R^^^). Thus using hypothesis {H2) and Holder's Inequality, we get that 



*fe JQ'xI 



c c 



1 



V30fc ]]-W\tk[ S/,,(f>k 



dx 



< 



- + - / 

tk tl Jq/xI 



Va(l>k 



T^3(t>k 
Ok 



dx 



C C 

^ r + 7^ ll(Va<?i'fe|(l/<5fe)V3(/'fe)||iT(Q,x7;E3x3) ^ 0, 
Tk 
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where we used the fact that, thanks to (5.39), — » +00. But as W°° is positively 1- homogeneous, we 
get from (5.47) that 



^(xo)= lim / W^(\/^<f>k 
d\b k^+°°JQ'xi \ 



'3<Pk 



dx. 



Using Remark 4.6, we can assume without loss of generality that = on a neighborhood of dQ' x I. 
We now define 



,xz) ■.= (j)k{xa,Xi) + 5kXi\-^{xQ)- ^ [ S73(l)k{y)dy] . 

\ d\b Ok Jq'xi 



d\b I "fc JQ' 

Then, 0^ e W'^'^{Q' x /;M^), ^^(^xs) is Q'-periodic for C^-a,.e. G / and 



1 



db 



J. I ^3(t)kdy = —=3r-{xo). 
Ok Jq'xi d\b I 

Hence 4>k is an admissible test function for Q*{W°°)(o\-^-^{xofj and using the Lipschitz property (4.4), 
we get that 



> lim 



d\b \{xo) Jq 



imsup / ' 

Jq'xI 









(^a4>k 




dy — L lim sup 




fc— >+oo 



S73(j}k{y)dy 



d\b 



fc JQ'xI 



Finally, relation (5.46) ensures that the last term in the previous inequality is actually zero and thus, 
from Proposition 3.4, 



d\b 



d\b" 



6 The upper bound 

Lemma 6.1. For any {u,b) e BV{uj;R^) x M{lu;R^), then J[^^-^{u,b,Lu) < E{u,b). 



Proof. Let {u,b) G BV{uj;'R^) x A^(a;;R^). As in the proof of the lower bound, according to the Besi- 
covitch Decomposition Theorem, we can decompose b into the sum of three mutually singular measures 
ft", 6* and 6^ such that 1 = ^+1^+1" where b" < 6** < 

Step 1. Assume first that du is Lipschitz. Then by the locality result Lemma 4.7, it is enough to 
check that 



dJ{sr,}{u, b, ■) 



(a;o) < Q*W ( Vau{xo) ^^(^0) ) for £^-a.e. xq G co, 



'''-'^'''''%o)<iQ*wr(^ixo) 



d\Diu\ 



d\D'„u\ ' d\D^„u 



db 



(xq) for \Dl^u\-a.e. xq G lo, 



< ^Q.^^^ L ) for |r|-a.e. xo G 

d\b I \ d\b \ 



(6.1) 
(6.2) 
(6.3) 



Indeed, if the three previous properties hold, since J|£^i,(?i, b, •) is (the trace of) a Radon measure abso- 
lutely continuous with respect to + l-Da'"! + |^|) we deduce that 



J{e„}(w,6,a;) < j Q*w{vo.u 

+ I {Q*wy 

J UJ 



db 



dx + liQ*wr{^iu--u-)^..,-^)dn^ 



dDaU 


db 


d\D-„u\ 


d\Dc^u\ 



db 



d\F 



df 



where we used the fact that D^u = (u+ — w ) (g) fuT^^L Ju + D^u and that {Q*W)°° is positively 1- 
homogeneous. We postpone the proof of the three above inequalities to the end of the section. 
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step 2. Let us now explain how to remove the Lipschitz condition on dui. As in the proof of Lemma 
4.7, for every fc e N, it is possible to find an increasing sequence of open sets Wk CC uJk+i CC w 
such that dujk is Lipschitz and \b\{dujk) = for each k G N. By Step 1 and Lemma 4.5, there exists 
a sequence {m^} C W^'^{ujk x /;M^) such that Tu^ = Tu on duJk x I, ^ u in L^{wk x 
J- J J V3M^(-, x^) dx3 — ^ 6 in M{uJk;R^) as n ^ +oo and 

limsup / W ( Va< — VsM^ ) dx < E{u,b,uJk) + \< E{u,h,uj) + \. (6.4) 

We now apply (a slight variant of) [8, Lemma 2.5] to get a sequence {v^} C W^'^(uj \ idk;^) such that 
— > u in i^(a; \a;fc;]R^), T?;^ = Tu on 9a;fe and |Da?;^|(a; \a;fc) \Dau\{u) \LJk) as n ^ +oo. Indeed 
an inspection of the proof of [8, Lemma 2.5] shows that, since we do not prescribe the value of the trace 
on dui, it is not necessary to assume dui to be Lipschitz. Define 'w^{xa,X3) := u^{xa,X2,)Xujk{^a) + 
Vn{xa)Xi^\uki^a)- As Tu^ = Tv^ = Tu on duk X 7, the sequence w!^ e W^^'^(0;] 



lim lim - M||ii(0;R3) = 0, lim lim |L»„i;^|(w \ w^) = 

fe^+oo n— >+oo k—y+oo n^+oo 

and for any G Co(w; K^), we have 

lim lim / (p{Xa) ■ ( — / V3W^{Xa,X3) dxs] dxa = / i>?(a;a) • d6(xa). 
fe^+oo n^+oo \S„Ji J 



Using the separability of Co(a;;M ) and a standard diagonalization procedure, we obtain the existence of 
a sequence fc„ +co such that, setting Wn := w'^" , then w„ ^ u in L^{Q; R^), ^ Jj V3W„(-, Xs) dxs b 
inM{co;R^), |£'„i^M(w \ Wfe^) ^ and by (6.4), 



lim sup 



)/ ( Va<" — V3?if;' ) da; < i;(M,6,a;). (6.5) 

Using the growth condition {Hi) together with (6.5), we get that 

J{£^}(u,6,a;) < hmsup / W (VaWn — -VsWn j dx < E{u,b,u}) 
which concludes the proof of the upper bound. □ 
Proof of (6.1). Fix a point xo & iv such that 

db , . dJ^,^}{u,b,■) dD^u 

^(a;o), ^ [xo), -^{xo) =Vau{xo) (6.6) 

exist and are finite, which is also a Lebesgue point of u, VaW and a point of approximate differen- 
tiability for u, and such that 

Observe that since is singular with respect to \D^u\ and \b — then £^-a.e. xo & co satisfy all the 

above requirements. 

Let {pk} \ 0+ be such that \Dau\{dQ'{xo, pk)) = \b\{dQ'{xo,Pk)) = for each k € N. Let 77 > 
and consider A > and ip G W^'^{Q' x 7;IR^) such that (p{-,X3) is Q'-periodic for £^-a.e. 0:3 G /, 
A Jj Vafdy = ^{xq) and 

W{VaU{xo) + Va<f\XV3<f) dx < Q*W (VaU{xo) ^(^^o)^ + V- 



Then, defining ip„ : M.'^ x I ^ by 



Vn{Xa,X3) := A£„(yJ ( ^,X3 ) , (6.. 
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it results that 

r </9„ ^ in L^{Q'{xo, Pk) x I] 
Let {qu} be a sequence of standard symmetric moUifiers chosen in such a way that 



lim En i {\b* Qn\ + \^Oi{b* Qn)\)dXoc=Q 



'Q'{xo,Pk) 

and set Vn{xa,xs) := {u * Qn){xa) + ^nXsip * Qn){xa)- Define the sequence 

Wn{Xa,X3) := Vn{Xa,X3) + iPn{Xa,X3) - EnXs-^ixo). 

It results from (6.8), (6.9), (6.10), (6.11) and [3, Theorem 2.2] that 

r Wn uin L^{Q'{xo,pk) X I;R-^), 
I Ii'^3W„{-,X3)dx3 ^bmM{Q'{xo,pk); 

Hence, taking {w„} as test function we get that 

1 



(6.9) 



(6.10) 



(6.11) 



J{s\{u,b,Q'{xo,pk)) < liminf / W (VaWn 



-"^SWn dx 



= lim inf 

n— >+oo 



W V^Vn + V 



1 



db 



' Q'{xo,Pk)xI 

and using the Lipschitz property (4.3) of W together with (6.8), it follows that 



ysVn H Vstpn - J^{xo) ] dx 



J[sn}{u,b,Q'{xo,Pk)) < liminf/ W Vau(a;o) + V a I > jX3 

"^+°°iQ'(xo,Pfc)xJ V \^^n 

+LlimSUp / \y aVn — ^ au{xo)\ dx 

n-y+oo JQ'{xo,Pk)xI 



J Q'{xa,p 



+L lim sup 

n^+oo jQ'{xo,Pk)xI 



1 V, db , , 

En 



dx. 



(6.12) 



Observe that VaVn{xa,X3) = (Va« * gn){xa) + {D^u * Qn){xa) + SnXs^ a{b * Qn){xa) hence, 

/ \SIocV„-VaU{xo)\dx < / |Va 

jQ'{xo,Pk)xI JQ'{xo,Pk) 

+ {\D^^U*gn\+Sn\'^a{b*gn)\)dXa. 

J Q'{XQ,Pk) 

Thus, according to (6.10), [3, Theorem 2.2], the fact that VaW * Qn ^ VaU in L\^^{lo;^^'^) and that 
\Dl^u\{dQ' {xq, Pk)) = for each fc e N, we get that 

limsup / \V aVn — aU{xo)\ dx < / \W aU{Xa) — 'V aUixo)\ dXa 

n^+oo jQ'{xo,pk)xI JQ'{xo,Pk) 

+ \Dl^u\{Q'{xo,pk)). (6.13) 



Similarly, since (l/e„)V3V„ = b* Qn, it implies that 

dx < 



Q' {xo,Pk)xI 



1 ^ db , 

-V3.„-^(xo) 



Q'{xa,Pk) 



Q'{xo,Pk) 



db \ / N db . . 

1(6-6") * gn\{Xa)dXa- 
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Since \b - b^KdQ'ixo, Pk)) = for each A; e N and ^ * ^„ ^ ^ in Ll^{u;;M.^), it yields 

db . dh , . 



limsup / 

n->+oo jQ'{xo,Pk)xI 



1 ^ db , , 

-V3.„-^(xo) 



dx < 



Q'(xo,Pk) 

+\b-r\{Q'{xo,Pk)). 



(6.14) 



Gathering (6.12), (6.13) and (6.14) and using the Riemann-Lebesgue Lemma, we get that 



J{e„}{u,b,Q\xo,pk)) < pIQ*W \^\/^u{xo) -^{xo) 

+L\Diu\{Q'{xo, Pk)) + L\b - V\{Q'{xo, pk)) 



db 



PkV 



+L 
+L 



Q'(xo,Pk) 



\WaU{Xa) - Vau(a;o)| dXo 



I 

JQ' 



Q'ixo,Pk) 



db I \__^( \ 
dC? ^^"^ dC? 



Now dividing the previous inequality by p^, sending k — > +oo and exploiting properties (6.6) and (6.7) 
of the point xq, it leads to 



rf-/{...}("-?v) 
dC? 



(xo) < Q*W^( V„ix(xo)|^(xo) ) +r? 



and the arbitrariness of gives the desired claim. 

Proof of (6.2). The proof develops in the same spirit of that in [3, Proposition 5.49] (see also [2]). Let 
us introduce an auxiliary function / : M^^"^ [0, +oo) defined by 



/(O := sup 
t>o 



Q*W{ti) - Q*W^(0) 



t 



It turns out that / is a positively 1-homogeneous continuous function. Moreover, by (4.3) there exists 
i > such that 



/(0<ik| and |/(^)-/(f)|<L|^-^'| for every e, ^' e 



p3x3 



(6.15) 



Using the growth properties of differential quotients of convex functions, it is easily seen from Proposition 
3.2 that if z, 6 G ^nd v G S^, then f{z ® v\b) = {Q*W)°°(z ® v\b). 

Fix a standard sequence of moUifiers {£>j}. Then by [3, Theorem 2.2], we have that {u* Qj,b* qj) G 
Wi'Hw;M3) X L^{uj;m.^), u*gj in Ll^{u>;R^) andb*gj ^ 6 in Mioc{uj;M.^). 

Using the Besicovitch Decomposition Theorem we can write {Dau\b) = {D-lu\b )+A* for some singular 
measure A* G A^(a;; M^^^) with respect to \D^u\. Consider xq &co satisfying 



dX' 



dC^ 



d\D%i 



r(a;o) =0, 



such that 



dD%u dDaU 

i^o) = 377^ — \[^o) IS a rank one matrix. 



db 



d\D'^u\' d\D%u, 
Assume further that xq is a Lebesgue point of 



d\D%x 



db 



d\Dl 



f 



dDaU 



db 



with respect to \D^u\ and that 



d\D^^u\ d\D^^u\ 
dJ^s^y{u,b, ■) 



d\D^u\ 



{xo) 



(6.16) 



(6.17) 



(6.18) 



(6.19) 
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exists and is finite. Note that by Albcrti's Rank One Theorem [1], |-D^m| almost every points Xq G lo 
satisfy these properties. Let {pk} \ 0+ be such that \D^u\{dQ' {x^, pk)) = |A^|(9(5'(xo, pfc)) = for 
every fc e N. 

By Remark 4.2 together with the sequential lower semicontinuity of J{£„}, we get that 
Ju\{u,b,Q'{xo,pk)) < limmfjf £ x{u* Qj,b* gj,Q'{xo,pk)) 

J— >+<X) 



= liminf / Q*W (Va{u * gj)\b * gj) dxo 



lim inf 



Q;w{{D^u\b) * gj) dxo 



where we used the fact that Va(u * gj) = {Dau) * gj. By definition of /, it follows that 

J{e^}{u,b,Q'{xo,Pk)) < liminf / f{{D^u\b) * gj) dx^ + Q*W{0)pl 

and using its Lipschitz property (6.15), we get that 



J{e„}{u,b,Q'{xo,Pk)) < liminf/ f {{Diu\b") * gj) dx^ + Q*W{0)pl 

+L lim sup / I A* * I dxa ■ 

j^+oo jQ'(xo,Pk) 



j^+oo JQ'{xo,Pk) 

Since \X''\{dQ' {xq, Pk)) = for each fc € N, then [3, Theorem 2.2] implies that 



J{sn}{u,b,Q'{xo,pk)) < liminf 



f{{D:,uf)*gj)dx^ + Q*W{0)pl 



JQ'(xo,Pk) 

+L\X^\{Q'{xo,Pk)). 

As {Dl^u\V) * gj {D^u\V) in A^ioc(w; R'^^'') as j +oo, in particular we have that 



(D>|r) * gj 



{Dlu\b") inA1(Q'(a;o,Pfe);M3^3) 



Moreover as \D-^u\{dQ' {xq, pk)) = 0, is follows from [3, Theorem 2.2] that 

\{Dy\r)\{Q'{xo,Pk)). 



I \^Dlu\V)*gj\dx^^-^ 

JQ'{xo,Pk) ^^+°° 



Hence, applying Reshetnyak's Continuity Theorem (see e.g. [3, Theorem 2.39]), we infer that 



J{en}{u,b,Q'{xo,pk)) < 



I 

JQ'(xo,Pk) 



dD'^u 


db' 


d\D-l^u\ 


d\Dl,u\ 



d|£>>| + Q*W{Q)pI 



+L\X'^\{Q'{xo,Pk)), 



where we used the fact that / is positively 1-homogeneous and that {D%u\b ) is absolutely continuous 
with respect to l-D^ul. Dividing the previous inequality by |D^u|((5'(xo, Pfe)), sending k +oo and using 
(6.16), (6.17), (6.18) and (6.19), we deduce that 



dJ{er,}{u,b,-) 
d\D%u\ 



{xa) < f 



dDaU 



d\D^u\^ ' d\D%u 



db 



{xo) = {Q*wy 



dD^u 



(xo) 



db 



-Xxo) 



since j\jfi^\{xQ) is a rank one matrix. 

Proof of (6.3). The proof for estimating from above the term concerning the singular part is analogous 
to the previous one. 
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Using the Besicovitch Decomposition Theorem we can write (£>(ju|6) = (016*^) + A"^ for some singular 
measure e M.{u};M?^^) with respect to |6 |. Consider a;o S a; to be a Lebesgue point of 



/ 



(6.20) 



with respect to |6 | satisfying 



d]b_tr\ d\- d£\ 

^^(xo) = ^(xo) = ^(a:o)=0, 



and such that 



dJ{s„}iu, b, ■) 



{xo) 



(6.21) 



(6.22) 



exists and is finite. Note that \b'^\ almost every points xq € oj satisfy these properties. Let {pk} \ 0+ be 
such that \V\{dQ'{xQ,pk)) = \X'^\{dQ'{xo, pk)) = for every keN. 
Arguing exactly as in the previous subsection, we obtain that 



J{e„}{u,b,Q'{xo,Pk)) < 



/ 



Q'{xo,Pk) 



db" 



d\b \ 

+L|An(0'(xo,Pfc)). 



d\b I + Q*W{0)pI 



Dividing the previous inequality by \b \{Q'{xo, pk)), sending k — > +oo and using (6.20), (6.21) and (6.22), 
it implies that 



o|-^,., H.-.r o|-^M 
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